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1. Analytic IK Parametrizations

Analytic IK has been used for motion planning and trajopt under
end-effector constraints, partially due to its differentiability [3].

8DoF Space Parametrization for Motion
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e Self-motion resolves the "many-to-one” issue of IK.
e Augmented FK is the inverse of the analytic IK function.
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e EXxisting solutions must be written to support automatic differentiation,
limiting us to manipulators with simple hand-written analytic IK solutions.

e We want a method to differentiate through any analytic IK solution,
including those computed by black-box solvers (e.g. IKFast [1]).

We can use the inverse function theorem to compute gradients
of black-box analytic IK functions!

1. q:=IKMWX% )
Ja:=VFKu(q)
3. VIKWXC o) =Jy

Can be computed
efficiently by solving
a linear system!

Procedure: 2.

But this approach has problems!

e Gradients (and values!) are undefined for non-reachable EE configs!
e Optimizers do not guarantee feasibility of intermediate iterates!

2. Extending the Domain of IK

Key Idea: use gradient from the closest reachable configuration!
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Differentiate at nonreachable configurations via sensitivity analysis

Ja(q) ==
r; is the ith component of the residual r := ("' X%, )

V FK4(q) is the augmented kinematic Jacobian
— FKa(q)

H;(q) is the ith component of the augmented kinematic Hessian
~1
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e Can leverage a variety of numerical approximations
e Alternatively, calculate kinematic Hessian analytically
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3. Reachability Constraints

Reachability constraints enforce IK correctness for optimizers.

1. Direct reachability [4]: H FK(IK(WXGa ZD)) WXG HF 0

/E Requires no special knowledge of IK solution internals
F Active on relative interior of the feasible set

—1 <a<l1

F Requires knowledge and modification of IK solution internals
/E Only active on relative boundary of the feasible set

2. Probing functions [5]: arCCOS(a) —

3. (NEW) Boundary reachability: — ]()g det(JJT | e[) < T

Geometric fact: boundary of the reachable workspace is singular!
/E Requires no special knowledge of IK solution internals

/E Only active on relative boundary of the feasible set

(J is the ordinary kinematic Jacobian, not the augmented Jacobian.)

4. Downstream Experiments

We evaluate runtime performance of analytic IK + IFT gradients in a
variety of downstream applications:

qo

Region generation with IRIS-NP2 [2]

motion planning with GCS [3]

Time-Optimal Path
Parameterization [6]

Kinematic Trajectory
Optimization [4]

Gradient Method IrisNp2 Trajopt TOPPRA

Baselines (AD methods)

Autodiff, Old Reach 1.47 1.15 2.45

Autodiff, New Reach 1.40 0.99 252

Autodiff, Boundary Reach 1.31 2.56 2.317

IFT with Direct Reach With appropriate numerical
IFT, zero gradients 5.28 1.69 3.12 » K »
IFT, pseudoinverse 5.08 1.58 3.14 reQUIarlzatlon Of grad’ents,
IFT, LM Constant 3.70 0.88 3.06

IFT, LM SVT 3.39 1.39 3.04 IFT performance

IFT, Newton 3.33 1.16 3.15 approaches the

IFT, Resid. Std 2.21 1.05 333 i i
IFT, Resid. Aniso 2.20 1.64 3.42 hand-des:gned autodiff
IFT with Boundary Reach SO Iutio n.

IFT, LM Constant (Boundary) 2.48 3.00 3.12

IFT, zero gradients (Boundary) 1.81 3.24 3.1

IFT, Resid. Aniso (Boundary) 1.74 3.85 3.48

IFT, pseudoinverse (Boundary) 1.67 3.07 3.19

IFT, Newton (Boundary) 1.65 3.13 3.48

IFT, Resid. Std (Boundary) 1.63 2.91 3:53

IFT, LM SVT (Boundary) 1.59 2.74 3.13

Runtime (seconds)
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