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1. Analytic IK Parametrizations
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8DoF Space Parametrization for Motion 
Planning Determined by Analytic-IK

● Existing solutions must be written to support automatic differentiation, 
limiting us to manipulators with simple hand-written analytic IK solutions.

● We want a method to differentiate through any analytic IK solution, 
including those computed by black-box solvers (e.g. IKFast [1]). 

2. Augmented Forward Kinematics
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● Forward kinematics is not an injection; it can't invert directly.
● Self-motion resolves the "many-to-one" issue of IK.
● Augmented FK is the inverse of the analytic IK function.

Key idea: avoid autodiff with the inverse function theorem!

3. Extending the Domain of IK

Differentiate at nonreachable configurations via sensitivity analysis

● Can leverage a variety of numerical approximations
● Alternatively, calculate kinematic Hessian analytically

● Gradients are not well defined for non-reachable EE configs.
● Many optimizations start with infeasible guesses, so we need some 

gradient defined outside the domain.

5. Downstream Experiments

4. Numerical Experiments
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Procedure: sample a random reachable configuration and partials vector, 
compare autodiff with inverse function theorem gradients.

Region generation with IRIS-NP2 [2]        motion planning with GCS [3] 

Time-Optimal Path
Parameterization [5]

Kinematic Trajectory 
Optimization [4]

Procedure:

Solutions are numerically accurate. IFT is slower for small partials vector 
size (constructing the Jacobian is a 
constant factor), but scale better.

We evaluate runtime performance of analytic IK + IFT gradients in a 
variety of downstream applications:

With appropriate numerical 
regularization of gradients, 
IFT performance 
approaches the 
hand-designed autodiff 
solution.

Analytic IK has been used for motion planning and trajopt under 
end-effector constraints, partially due to their differentiability [3].

Key Idea: use gradient from the closest reachable configuration!
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Can be computed 
efficiently by solving 
a linear system!
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