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I. INTRODUCTION

Motion planning algorithms often inherently model config-
uration space (C-space) as a Euclidean space. But when a
robot must satisfy end-effector constraints during its motion
(e.g. carrying an object with two hands), the set of valid
configurations collapses to a measure-zero submanifold in the
ambient configuration space. Recent work has examined the
use of analytic inverse kinematics (analytic IK), a closed-
form mapping from end-effector space to joint angles, to
construct charts with a large domain [2, 18]. By planning in
that parameterized space, the constraint is eliminated, and the
path adheres to the manifold by construction. The mapping
is made well-defined by including self-motion parameters as
input to resolve the many-to-one problem of IK.

Recent works have applied analytic IK to trajectory op-
timization under end-effector constraints [2]. Decision vari-
ables describe a trajectory in parameterized space, costs and
constraints are imposed in C-space, and gradient-based opti-
mization is enabled by differentiating through the IK function.
A key challenge is the limited domain of an IK function:
nonlinear trajectory optimizers do not guarantee workspace
reachability at each iteration of the optimization [16, 9].
Bespoke IK solutions made for particular manipulators can be
made to return approximate solutions outside of the reachable
workspace [8, 4], but popular automatic IK solvers return “no
solution” for non-reachable targets [6, 14]. This is catas-
trophic for general nonlinear optimizers.

We extend the domain of an analytic IK function by lever-
aging least-squares solutions, yielding a closed-form Jacobian
for end-effector poses outside the reachable workspace. This
preserves the gradient flow outside of the reachable workspace,
allowing the optimizer to restore feasibility. Inspired by the
numerical IK literature, we present efficient approximations
to this Jacobian. Empirically, we demonstrate that the overall
framework begins to close the gap between bespoke and
automatically generated analytic IK solutions.

II. BACKGROUND

Some of the following background text is reproduced
from [3]. We use monogram notation [15, §3.1] to describe
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poses: AXB ∈ SE(3) is the pose of frame B relative to (and
expressed in) frame A. When this pose is a function of a
variable q, we write AXB(q). The forward kinematics are
FK : Rn → SE(3). An analytic IK function is a mapping

IK : U ×Ψ× K → Rn, (1)

where U ⊆ SE(3) is a subset of the reachable end-effector
positions, Ψ parameterizes the set of continuous self-motions
and K enumerates the discrete self-motions (e.g. “up-elbow”
vs “down-elbow”). We restrict ourselves to a specific κ ∈ K ,
and drop it from the notation. Taking derivatives through
the parameterization enables gradient-based optimization with
variables in minimal coordinates but costs and constraints
in C-space. Recent work used the inverse function theorem
(IFT) [13, Thm. 2.11] to differentiate through automatically-
generated IK solutions without modification [3].

Because robot manipulators often have bounded
workspaces, optimization problems in the parameterized
coordinates must impose a reachability constraint [2]. Even
if the IK function returns approximate solutions outside
the reachable workspace, there are two issues with the IFT
strategy: the contribution of the approximation procedure to
the gradient is not accounted for, and the boundary of the
reachable workspace is composed of singular points, so the
conditions to compute IFT-based gradients are unsatisfied.

III. METHODOLOGY

For a given analytic IK solution (1), the augmented forward
kinematics [7], FKA : Rn → SE(3)×Ψ, is constructed to be
precisely the inverse of IK, such that IK(FKA(q)) = q. Next,
to extend the domain of IK, we define

ÎK(WXG, ψ) = argminq ∥FKA(q)− (WXG, ψ)∥22. (2)

If WXG is reachable, then ÎK(WXG, ψ) = IK(WXG, ψ); for
non-reachable targets, it returns a solution that provides the
nearest end effector position in a least-squares sense.

We can compute the derivative of ÎK via sensitivity anal-
ysis. Let q∗ = ÎK(WXG, ψ), JA = ∇FKA(q

∗), ri =
FKA(q

∗)−(WXG, ψ), and Hi = ∇q[JA]i is the Hessian slice
corresponding to the ith row of JA. Then

∇ÎK(WXG, ψ) =
(
JT
AJA +

n∑
i=1

riHi

)−1

JT
A . (3)

This derivative has several important properties. First, observe
that if WXG is reachable, ri = 0, so

∇ÎK(WXG, ψ) =
(
JT
AJA

)−1
JT
A = J†

A. (4)
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Fig. 1: A minimal coordinates parameterization for a bimanual
carrying task. Figure reproduced from [5].

Thus, if JA is full rank, we recover the IFT formulation [3].
As for the non-reachable case, a nonzero residual means the

Hessian term is not eliminated, potentially requiring expensive
computations. However, our experimental results will demon-
strate that an approximation of (3) is actually more effective.
These approximations are inspired by the rich numerical
inverse kinematics literature [1], which considers formulations
very similar to (3). We now describe the approximations we
compare, in order of increasing complexity.
Zero Gradients:

∇ÎK(WXG, ψ) ≈ 0. (5)

This effectively matches how Cohn et al. [2] handled deriva-
tives for non-reachable end-effector targets.
Pseudoinverse:

∇ÎK(WXG, ψ) ≈ J†
A. (6)

If JA is singular, this should still preserve gradient flow in the
non-singular directions while avoiding a numerical blowup.
Levenberg-Marquardt:

∇ÎK(WXG, ψ) ≈
(
JT
AJA + λI

)−1
JT
A . (7)

The classic damped least-squares [17]. For λ, we consider both
a Constant and Singular Value Thresholding (SVT), where
λ = λmax(1 − (σmin(JA)

ϵ )2) if σmin(JA) ≤ ϵ, and λ = 0
otherwise, to only apply damping if JA is ill-conditioned.
Residual Damping:

∇ÎK(WXG, ψ) ≈
(
JT
AJA + λ∥r∥I

)−1
JT
A . (8)

For a larger residual, the Jacobian at the projected configura-
tion is less informative.
Anisotropic Damping: Let JA = UΣV T be the SVD, Λj =
λ(∥r∥2 + 3(uTj r)

2), Λ = diag(Λj). Then

∇ÎK(WXG, ψ) ≈
(
JT
AJA + V ΛV T

)−1
JT
A . (9)

A damping factor is introduced along each singular direction
that scales with the magnitude of the residual in that direction.
Full Newton:

∇ÎK(WXG, ψ) ≈
(
JT
AJA +

6∑
i=1

riHi + λI
)−1

JT
A . (10)

TABLE I: Downstream runtimes (seconds) by gradient strat-
egy. IrisNp2 runtimes are averaged over 17 seed points. The
more general IFT approach only suffers a minor runtime
increase over bespoke autodiff gradient implementations.

Gradient Method Trajopt IrisNp2

Baselines (AD methods)
Autodiff, Direct Reachability [2] 1.15 1.47
Autodiff, Probing Reachability [4] 0.99 1.40

Inverse Function Theorem with Direct Reachability
Zero gradients 1.69 5.28
Pseudoinverse 1.58 5.08
Levenberg-Marquardt Constant 0.88 3.70
Singular Value Thresholding 1.39 3.39
Full Newton 1.16 3.33
Residual Damping 1.05 2.21
Anisotropic Damping 1.64 2.20

Newton’s method is well-understood for least-squares prob-
lems [11, §10]. We only use the first 6 components of the
Hessian, corresponding to the end-effector pose, as these
can be obtained in closed-form. (The self-motion components
would require second-order automatic differentiation.)

IV. EXPERIMENTS

We evaluate the efficacy of our approach on two downstream
optimization tasks for a constrained bimanual carrying setup
(Figure 1). First, we test trajectory optimization [15, §6.2]
through the parameterization, using bidirectional RRT [10]
with shortcutting [12] for the initial guess. Second, we test
IrisNp2, an algorithm for constructing collision-free convex
polytopes in configuration space [18]. A key step of IrisNp2
is solving a counterexample search program to find configu-
rations for which a constraint (e.g. reachability) is violated.
Thus, applying IrisNp2 with an IK parameterization requires
high-quality gradients outside the reachable workspace.

We compare against a bespoke autodiff-compatible imple-
mentation. Timing results are listed in Table I. Our exper-
imental results suggest that the residual damping strategies
are the most performant, with smallest difference in runtime
performance against the bespoke baseline. The full Newton
method’s higher runtime is likely due to the higher expense
of computing the kinematic Hessian. But it may also reflect
the diminishing returns of more accurately approximating
something that is itself only an approximation – recall that
in practice, IK extensions do not actually return a least-
squares solution. We aim to further close the performance gap
between the bespoke autodiff-compatible solutions and domain
extended-generated solutions in future work.

V. CONCLUSION

We present a method to extend the domain of analytic
IK functions and derive the gradient of the extension. These
gradients are essential when solving optimization problems
that leverage analytic IK, as the solvers may not guarantee
end-effector reachability at every iteration. Importantly, we
present approximations of this Jacobian that are verified to
be performant for downstream optimization problems that are
known to have infeasible iterates.
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